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Abstract. The aim of this paper is to define a Gale dual of the GKM graph with a complexity
one axial function, and show some basic properties. In particular, two properties which correspond
to a pairwise linearly independence and a congruence relation of the axial function are proven.
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1 Introduction

Let ai,...,an be a configuration of vectors that span the whole R™. Form an (m — n) X m matrix
B = (bjx) whose rows form a basis in the space of linear relations between a;. The set of columns
bi,...,bm(€ R™™™) of B is called a Gale dual configuration of ai,...,am. One of the merits to consider

such a configuration of vectors is to reduce the dimension of vectors. For example, the Gale dual of a
configuration of n + 1 vectors in R™ is nothing but the set of n + 1 real numbers. The Gale dual provides
an efficient tool for studying the combinatorics of higher dimensional polytopes with few vertices. In
particular, the Gale dual (and the Gale diagram) is used to classify n-dimensional polytopes with n + 3
vertices and to find interesting examples of the n-dimensional polytopes with n 4 4 vertices (see [BP]).

On the other hand, a GKM graph is a combinatorial counterpart of a GKM manifold. Guilleminn-Zara
in [GZ] define this notion independently of the geometry. Roughly, a GKM graph is an m-valent graph
whose oriented edges have a labeled on Z"™. Therefore, one can regard each vertex of a GKM graph as
a configuration of m vectors in Z". This interpretation leads us to consider the (Z-linear)Gale duals on
each vertex of a GKM graph. In this paper, we study the basic properties of Gale duals of GKM graphs.
In particular, Theorem 4.2 and Theorem 4.3 are the counterpart of the GKM conditions.

2 Gale dual of the labelled graph

In this section, we define a Gale dual of the labelled graph G = (T, ).

2.1 Gale dual

We first introduce the Gale dual over Z.

Let A:={a1, ..., am} be the set of (possibly multiplicative) vectors in Z" such that A spans Z". In
this paper, the number m — n is called a complexity of A. These vectors define the (m x n)-matrix by
A= (a1 S am).

Then the Hermite normal form tells us that there is the matrix U € GL(n;Z) such that

1 = *
0 1 *

H:=UA= . n (2.1)
0 O 1 *



The transposed (n x m)-matrix AT defines the Z-liner map:

ATzt 7™
Using the Hermite normal form (2.1) again, we have that the linear map AT is injective and there is
no cotorsion, i.e., its cokernel Z™/im(AT) is isomorphic to Z", where r = m — n. By applying [RT,

Proposition 1.10], the Z-basis of ker(A) C Z™ is given by the last r rows of V' € GL(m;Z) which gives the
Hermite normal form H' = VAT for AT. We also know that

Z™ =im(A") @ ker(A).
Denote the surjective linear map induced from the following natural projection:
B:Z™ — 2™ /im(AT) ~ ker(A) ~ Z".
By choosing the basis of Z"(~ ker(A)) by the last r rows of V' € GL(m;Z), the linear map B is represented
by the (m X r)-matrix
B= (b1 -+ bp).
such that
BAT =o;
moreover, the following sequence is the short exact sequence:
A g By,
Note that A* := {b1, ..., b} spans Z" because B is surjective. We call A* a Gale dual of A. In
summary, we have the following definition.

Definition 2.1. Let A :={ai, ..., an} be the set of (possibly multiplicative) vectors in Z" such that A
spans Z". Put (m X n)-matrix A = (a; -+ a,,). Assume that the (m X r)-matrix B gives the following
exact sequence:

0—z" Az B a0
Then the set of column vectors of B, say
A" :={b1, ..., b} CZ",
is called a Gale dual (configuration) of A C Z™.

Remark 2.2. There are several choices of a Gale dual A* C Z" of the given A C Z". In this paper, we call
two Gale duals A} and A3 are equivalent if there is a matrix X € GL(r;Z) such that X - A} = A3, i.e., for
Al ={b1, ..., bp}, A3 ={Xbi, ..., Xbn} CZ". We denote two equivalent Gale duals by A] ~ A3.

Remark 2.3. There is the definition of the Z-linear Gale dual in [RT] which is more general than the
definition as above. The definition as above is directly modified from the usual Gale dual over R (see
[BP).
We have the following fact:
Proposition 2.4. Let A C Z"™ be an m non-zero vectors which spans Z" and A* C Z" be its Gale dual,
where 7 = m — n. Then we can take the Gale dual of A" as A, i.e.,
(A")" ~ A

Proof. Let A be the matrix defined by A and B be the matrix defined by A*. The equation BAT = 0
implies the equation (BAT)T = ABT = 0. By using the Hermite normal form for BT, we also have
that BT is injective. Moreover, by the previous argument, there is no torsion in im(A”) and im(A”) ~
Z™ /ker(A) = Z™ /im(BT). Therefore, there is no cotorsion for BT. This establishes that the Gale dual
of A" is equivalent to A. O

Example 2.5. Take the three vectors A = {a1,a2,a3} in Z? by

o e a)= (5 1 0))

Then its Gale dual A* = {b1,b2,b3} in Z is
(br by bz)=(1 1 1)



2.2 The canonical Gale dual of complexity one vector configurations

In this section, we consider the Gale dual of the case when the vector configuration A is a complexity one,

ie, A={ai, ..., apnt1} C Z" and A spans Z". We put the n x (n+ 1)-matrix defined from A as follows:
ai ail az1 e an1
AT ag _ ai2 az2 s an2
T
ant1 A1(n+1)  @2(n+1) 0 An(nt1)

Denote the (n x n)-matrix which removes the ith row vector from AT as follows:

T
aq ail a21 an1
T
AT — a1 | _ | @1(i—-1) Q20i-1) - Qn(i—1)
i = T =
Qi1 A1(i+1)  @2(i41) "0 An(it1)
T
Ant1 A1(n+1)  A2(n+1) An(n41)

Then we have the following proposition:

Proposition 2.6. Let A = {ai, ..., any1} C Z" be a complexity one vector configuration. Then a Gale
dual of A is taken as the following set of integers:
A" ={IAT], =142, [A5], s (F)" AR}

Proof. Let A= (a1 -+ any1) be the n X (n + 1)-matrix and
R= (AT —|Az|[A3] -+ (=1)""|Anpa])
be the 1 x (n + 1)-matrix. Then, we have
RAT = |AT|al —|Azla; +|A5|ag — -+ (=1)" Ay fan.
It follows from the cofactor expansion that the 1st row (integer) of this matrix is as follows:

a11|Aﬂ — 0412|Agl + -+ (*1)n+1a1(n+1)|A3;+1|

aii a21 an1
ai2 a2 co An2
a13 azs Gn3
=ai11 — Q12
a1(n+1 ag(n+1 crr Qp(n+l '
¢ ) ( ) ¢ ) A1(n+1)  A2(n41) " An(n+1)
ailr  Ga21 -+ Qpl
n+1
+oo (D" Ay
A1in A2n - Ann
ai ail a1 xx an1 0 ai a2 e An2

0 ai2 a2 xx An2 ai2 aiz a2 e an2
= +

0 A1(n4+1)  A2(n+1) 0 Gp(ntl) 0 A1 (n+1)  A2(n+1) "0 An(ntl1)

0 ail a22 An2
0 a2 a2 An2
+ e +
A1 (n+1)  A1(n+1) A2(n41) °°° An(n41)

a1l ail a21 s an1

ai2 ai2 a2 an2
= =0.

A1 (n+1)  G1(n+1) A2(n+1) “°° An(n4l)



Therefore, the 1st row of RAT is zero. Similarly, we can prove the other rows are zero. Hence, RAT = 0.

T
This implies that the composition map Z" A zntt By 7S the zero map, i.e., ker(R) D im(AT).
Next we assume that a non-zero element x = (z7 - - -xn+1)T € 7" satisfies that Rx = 0. By definition
of R and applying the similar computations as above, we have

1 aii az1 e an1
T2 a2 a2 e an2
T n+1 T
O0=Rx=az1|A1| =+ (=1)" " znp1|Anpa] =
Tn+1l  Q1(nt1)  A2(n+1) 7 On(ntl)

We put the final square matrix from this computation by (x AT). This computation shows that rk (x AT) <
n. Therefore, the system of the equations

(x AT) <;,> =ix+ATy =0

has the non-trivial solutions, where | € Z and y’ € Z"™. Suppose that (! y’)T is a non-trivial solution. Since
AT is injective (because A spans Z™), if | = 0 then the equation A7y’ = —Ix implies that y’ = 0; however,
this gives a contradiction to that (I y’)” is a non-trivial solution. Hence, we have x(# 0) € im(AT). Now
because there is an i such that |AT| = 41, the cokernel Z™*! /im(A”) has no-torsion. This implies that
there exists an element y € Z" such that

ATy = x(# 0) € ker(R).

T
This shows that ker(R) C im(AT). Hence, we have ker(R) = im(AT) and the sequence Z" BN AR/
is exact.

We finally prove the sequence Z" A—T> Z"+' 25 7 is the short exact sequence, i.e., AT is injective and
R is surjective. Because the row vectors of AT spans Z", the map AT : Z" — Z"T! is injective. We shall
show that the map R : Z"*! — Z is surjective. By using the Hermite normal form [RT, Proposition 1.10],
there is a matrix

1 x *
0 1 *
H=| : - |[:z"=>z"",
0 0 1
0 0 0

and the isomorphism U : Z""! — Z"! such that
UA" = H.
Hence, we have
A" =U""H.

Put U '(ent1) = a, where e,q1 is the standard basis of Z"*. Consider the (n + 1) x (n + 1)-matrix
(a AT). Then we have

(a A") = (a U 'H)
= (U "ens1 UT'H)
=U '(ent1 H).
Since det U™! = £1 and det(en+1 H) = 1, we have
det(a AT) = +1.
By the definition of R, if we put a = (a1,...,a,41) € Z"T,
Ra = a1|AT | — as| A% | + a3|A5 | — - 4+ (=1)" T ans1|Af 1| = det(a A7) = £1.

This establishes that R is surjective. O



2.3 Abstract graph

Let I' = (V(I'), E(I')) be the abstract, oriented graph with vertices V(I') and edges E(I'). We assume
that I' is finite and connected, and there is no loops in E(I") in this article. For an edge e € E(I"), we use
the following symbols:

e i(e) the initial vertex of e;
e t(e) the terminal vertex of e;
e e € E(I') the orientation reversed edge of e.

Set

Ep(I') = {e € E(I') | i(e) = p}.

An abstract graph I' is called an m-valent graph if |E,(I')] = m for all p € V(T').
We call two abstract graphs I' and I are combinatorially equivalent if there is a bijective map

f:T = (V(D),B(I)) — (V(I'), E(I)) ="

such that f(e) = f(e) for all e € E(I") and the following diagram commutes:

where i is the projection onto the initial vertex of an edge.

2.4 Labeled graph

Let I' = (V(I'), E(I")) be an abstract m-valent graph. If there is a label « : E(I') — Z" on edges of I,
then we denote such labeled graph by G = (I', @) and call it an (m, n)-labeled graph.

We call two (m, n)-labeled graphs G = (I', ) and G’ = (I, &’) are equivalent (or ¢-equivalent), denoted
as G = G| if there is a combinatorial equivalent map f : I' — IV and an isomorphism ¢ : Z" — Z" such
that the following diagram is commutative:

BE(I) —2—> 7" (2.2)
)
By -~ 77
Set
o) = {ale) | e € Ep(I)} C Z".

The set of m vectors ) gives the vector configuration in Z" on each vertex. We assume that o,y spans
Z™ for each p € V(I'). Then we can define the Gale dual (c(p))* in Z" (r = m — n). Moreover, this gives
a new label

p:E(T)—7Z"

such that p(, is the Gale dual of a(,). We denote (I, p) by G* and call it a Gale dual of the labeled graph
g.

By Proposition 2.4, we have the following corollary:

Corollary 2.7. Let G = (I',a) be an (m,n)-labeled graph and G* = (T',p) be its Gale dual, i.e., the
(m, m — n)-labeled graph. Then there is the following isomorphism:

G =g



3 Gale dual of the axial function of a GKM graph

In this section, we define the Gale dual of the axial function of a GKM graph. We first recall the complexity
one GKM graph (see [K16]).

Let T be an m-valent graph. We define a label o : E(I') — H?(BT) on T'. Recall that BT™ (often
denoted by BT) is a classifying space of an n-dimensional torus 7', and its cohomology ring (over Z-
coefficient) is isomorphic to the polynomial ring

H*(BT) ~ Zlaa,. .., ax],

where a; is a variable with dega; = 2 for i = 1,...,n. So its degree two part H?(BT) is isomorphic to
Z"™. Put a label by a function « : E(I') — H?(BT) on edges of T.

An azial function on T' is the function o : E(T') — H?*(BT™) for n < m which satisfies the following
three conditions:

(1) ale) = —a(e);
(2) for each p € V(I'), the set oy is pairwise linearly independent, i.e., each pair of elements in o) are
linearly independent in H?(BT);

(8) for all e € E(I"), there exists a bijective map V. : Ej)(I") = Ey(e)(I") such that
1. Ve=V_1,
2. Ve(e) =€, and

3. for each €’ € Ey)(I"), the following relation (called a congruence relation) holds:
a(Ve(e)) —a(e') =0 mod ale) € H*(BT). (3.1)

The collection V = {V. | e € E(I')} is called a connection on the labelled graph (I', a); we denote the
labelled graph with connection as (I', @, V). The conditions as above are called an aziom of axial function.
In addition, we also assume the following condition:

(4) for each p € V(T'), the set ) spans H*(BT).

The axial function which satisfies (4) is called an effective axial function.

Definition 3.1. If an m-valent graph I is labeled by an axial function « : E(I') — H?(BT™) for some
n < m, then such labeled graph is said to be an (abstract) GKM graph, and denoted by (I',a, V). If

such « is effective, (I', o, V) is said to be an (effective) (m,n)-type GKM graph. In particular, we call an
(n + 1,n)-type GKM graph a complezity one GKM graph.

Then, the equivalence relation on GKM graphs can be defined as follows:

Definition 3.2. Let G = (T, o, V) and G’ = (I, o/, V') be GKM graphs. We call G and G’ are equivalent
(or @-equivalent), denoted by G ~ ', if there is a combinatorial equivalent map f : ' — I' and an
isomorphism ¢ : H?(BT™) — H?(BT") such that the following diagram is commutative:

EI) —2> H*(BT™) (3.2)

Pl

E(I") —%> H(BT™)

<

i.e., labeled graphs (', ) and (I”,a’) are equivalent; moreover, f preserves the connection, i.e.,

v.
Ei(e)(T') ——— Eyy (1) (3:3)
Vi)

Ei(r(e))(T") —— Ei((e)(I")

is commutative for all e € E(T).

Now we may define the Gale dual of a GKM graph.



—2z —y

T—y 2v+y

—2y,—a: 2y—\|—x

Figure 1: A complexity one GKM graph and its Gale dual, where , y are generators of H?(BT?).

Definition 3.3 (Gale dual). Let G = (I',a, V) be an (m,n)-type GKM graph. Take the Gale dual of
(T, @), say (T, p), i.e., (m,m — n)-labeled graph. We call the pair with the connection G* := (I', p, V) a
Gale dual of a(n) (azial function of ) GKM graph G.

By Corollary 2.7, we have the following corollary:

Corollary 3.4. Let G = (I',a, V) be an (m,n)-type GKM graph and G* = (T, p, V) be its Gale dual, i.e.,
the (m, m — n)-labeled graph with the connection V. Then there is the following isomorphism:

(G =g

4 Two properties of a Gale dual of the complexity one GKM graph

In this section, we prove the main result of this paper. Let G = (I, a, V) be a complexity one GKM graph
where I' is an (n 4 1)-valent graph. Then, we may put the axial functions around a vertex p € V(I') as
follows:

Qp) = {a(el,p), coalentip)} C H? (BTn) ~ 7",

Since the complexity one GKM graph satisfies the effectiveness condition, we may assume that o,y spans
H?*(BT™) ~Z". Then we can define its Gale dual p(,) as follows:

Pp) = {p(elap), s 7p(6n+1,p)} CZ
such that (p(e1p), ..., p(ent1,p)) € Z" is a primitive vector and

n+1

Z pleip)alesp) = 0.

We define the n x (n + 1)-matrix

a(@l,p)
Ap) =

a(ent1,p)
We first claim the following lemma:
Lemma 4.1. The Gale dual p(,) can be taken as
pleis) = (—1)F A ()]
where Ay (1), i =1,...,n+1, is the n X n-square matriz which removes the ith row from Ay .
Proof. Because of Proposition 2.6, this statement is straightforward. ]

Now we may prove the two properties of Gale duals of GKM graphs. The following first theorem
corresponds to the pairwise linearly independentness of GKM graphs.



Theorem 4.2. For every p € V(I'), there are mutually distinct s,t,u € [n+ 1] :={1,2,...,n+ 1} such
that

ples,p)p(etp)pleup) # 0.
Proof. Let p(,) be the Gale dual of the complexity one GKM graph (I', o, V). By definition, we have

n+1

> pleralens) = 0. (1)

for all p € V(I).
Since (I', , V) is a complexity one, for some s € [n + 1], there exists rx € Z (k € [n+ 1] \ {s}) such
that

alesp) = Y rralery). (4.2)

k#s

Substituting (4.2) to (4.1), we have

> {plers) +repless)} alery) =0.

k#s

Because of the effectiveness condition, {a(ex) | k € [n + 1]\ {s}} spans H?(BT"). Thus, we have

plerp) = —rrp(es,p) (4.3)
for all k # s. If we assume p(esp) = 0, then p(ex,p,) = 0 for all k € [n+ 1] \ {s} by (4.3). However,
this gives a contradiction to that (p(e1p), ..., p(ent1,p)) € Z"T is a primitive vector. Therefore, we have

ples,p) # 0.

Moreover, by (4.2) again, if only one rj is non-zero and the others are zero, then a(esp) = rra(erp).
This contradicts to the pairwise linearly independentness of the axial function. Therefore, at least two
distinct integers, say r¢ and ry (t,u € [n+ 1]\ {s}), must be non-zero. Together with (4.3), we have that
p(etp), pleu,p) # 0. This establishes the statement. O

The next theorem is the 2nd main result of this paper. This property corresponds to the congruence
relation and a(e) = —a(e).

Theorem 4.3. Let G be a complezity one GKM graph and G* be its Gale dual. Let p € V(I') and
E,(I') ={e1,...,eny1}. Fize € E,(I'). Then, for every e; # e, the following equation holds:

Ip(Ve(eg)) = [p(es)]-

Proof. For e =e¢;, € E(I'), we put i(e) = p, t(e) = ¢ and

aii az1 et an1
aler,p) a2 a22 e an2
Ap) = : = : C |
a(ent1,p) A1in Qaoan Ann
Ai(n+1)  @2(nt1) ° Gn(n+1)
b11 b21 bn1
a(Ve(erp)) b1z b2 bn2
Ag) = : = : : - :
a(Ve(en+t1,p)) bin bon - bnn
bintn)  b2n+1) ot bu(nty

By the congruence relations (3.1), there are ki, ..., ky,+1 € Z such that
a(Ve(e1p)) — alerp) a(e)k
Ay = Aw) = : = : (4.4)

a(Vel(en+t1,p)) — alentip) a(e)knt1



Take j # i. Then, by Lemma 4.1 and (4.4), we have

lp(ejp) = | det Ay ()] =

aii az1
ai(j—-1) G2(j-1)
A1(j+1)  G2(j+1)
A1(n+1) A2(n+1)

bll - alikl

bij—1) — a1ikj—1
bi+1) — arikj+1

bi(ny1) — ariknt1

an1

An(j—1)
An(j+1)

Qn(n+1)

b21 - a2ik1

ba(j—1) — az2ikj—1
baj+1) — a2ikj+1

ba(n+1) — azikn41

Therefore, by using the basic property of the determinant,

p(esp)| =

Because a(e) = —

bll

big-1)
bij+1)

bi(n+1)

—k

b21 bnl
bai-1) bni-1)
ba(j+1) bn(j+1)
ba(n1) bn(n+t1)
ai; az; Gni bi1
bi2 bao b2 ai;
bi—1)  bagi-1) bn(i—1) | — k2 |b1i-1)
bij+1y)  b2gi+n) bn(j+1) bi(j+1)
bitn+1)  ba(nt1) bn(n+1) bi(n+1)
bll b21 bnl
bi—1)  bagi-1) bn(j-1)
— ki1 |bigr) by bn(j+1)
bln b2n bnn
ai; a2q QAng

(this gives a choice of the order of E4(I")), we have that

(ali

ani) = —(bli

bi).

Hence, by j # i, the equation (4.5) and Lemma 4.1 give that

lp(ejp)l =

bll

bij-1)
bi+1)

bi(n+1)

This establishes the statement.

b21 bnl
ba(j-1) br(j-1)
ba(j+1) bn(j+1)
b2(n+1) bn(n+1)

ba(i-1)
ba(j+1)

ba(n+1)

bnl - anikl

bn(i—1) — Gnikj—1
bn(i+1) — anikjt1

br(n+1) — Anikn41

Ani

bn(i-1)
bri+1)

bn(n+l)

(€), we have that a(e;p) = —a(Ve(eip)); therefore, by the definition of A, as above

= [ det Aig) (5)| = [(Ve(eja))l-




Remark 4.4. The integers ki, ..., knq1 appeared in the proof are nothing but ¢(r q,v) in [K19)].
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