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Moment-angle manifolds

Let X be a complete simplicial fan in R” with generators ay, ..., am and K = Ks
be the underlying simplicial complex. Let m — n be an even integer number.
Define a moment-angle manifold corresponding to IC

Zc = (HDxHS) c D™,

TeK ieT i¢T

Any moment-angle manifold Zx is equipped with a natural action of the torus
by coordinate-wise multiplication

TP = (8. o) €O 1] = 1)
The action is given by

T" x Zx — Zx: ((th...,tm),(zh...,zm)) = (tiza, .- tmZm).

Define

ue=J (ITe < ITc*) cc™

Tek ieT i¢T




Complex structures on Zx

Consider a linear map associated with
q: Rm—>Rn, e — aj.

Let us choose a complex structure in Ker q.This is equivalent to a choice of an
T="-dimensional complex subspace i C C" satisfying the two conditions:
(a) the composite h — C" B R s injective;

(b) the composite h — C™ Loy Rm 95 R” is zero,

Consider the #5"-dimensional complex-analytic subgroup
H = exp(h) C (C*)™.

Introduce a space

ue=J (ITe < JTc*) ccm

Tek €T i¢T

Theorem (Panov, Ustinovskiy; 2012)

The group H acts properly, freely and holomorphically on Ux. Moreover, there
is a T™-equivariant diffeomorphism Ux /H = Z.




Canonical foliation on Zx

Define a real Lie subalgebra and the corresponding Lie group
vt = Ker g = Re(h) C R" =, R=exp(tr) C T
We also define a "complexification" of R as

R® = exp(t®) = exp(Ker %) C (C*)™.

The group RC acts locally free and holomorphically on Ux. This action defines
a holomorphic foliation Fsx on Uk.

The holomorphic foliation Fx is mapped by the quotient projection

Ux — Uk /H to a holomorphic foliation Fy of Zx 2 Uk /H by the orbits of
RC/H =~ R.

Fibration over a toric variety

When v C R™ is rational with respect to the lattice of the torus T™ the group
R becomes a subtorus of T and the complete fan ¥ becomes rational. Then
we have

Zx /R = V.

The canonical foliation on Zxc by orbits of R turns into a locally trivial fibration
over a toric variety V5.
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Basic cohomology

Basic de Rham cohomology

For a smooth manifold M with de Rham differential d and a foliation F on it
we define a differential graded algebra of basic forms

(Qr(M),d) = {w € QM): txw = Lxw =0 forany X € TF}.

If the foliation F is induced by an action of a connected group G with Lie
algebra g then this algebra may be defined as

(Qg(M),d) ={w e QM): ew=Lew=0 forany ¢ eg}

where X is a vector field induced by an action of § and t¢ = tx,, Le = Lx,.
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Basic Dolbeault cohomology

For O differential on complex manifold M we have a bigraded differential
algebra of basic forms with values in C

(2% (M;C),0)




Basic de Rham cohomology of Zi

Theorem (Ishida, K., Panov, 2018)

There is an isomorphism of algebras:

H}“:h (Zx) 2 R[va, ., V] /(Zc + T),
where i is the Stanley—Reisner ideal of simplicial complex K, generated by
monomials

Vig -« Vigs with {il,...,ik} ¢]C,

and J is the ideal generated by the linear forms

m

Z(U, a)vi, ueg =(t/r)".

i=1




Basic Dolbeault cohomology (Transverse Kahler case)

Definition

A holomorphic foliation (M, F) is called transverse Kahler if it is homologically
orientable and there exists a transverse 2-form wr such that

e dwr =0;
o wr(JX,JY)=w(X,Y);
e wr(JV,JV) = 0.

Theorem (Ishida, 2015)

The canonical foliation Fy, on Zx is transverse Kahler if and only if the fan X
is polytopal.

Theorem (Ishida, 2018)

Let Fy be a transverse Kihler foliation. Than there is a Hodge decomposition

Hz, (Zx:C) = @ H%(2k).

ptq=r

Moreover, there is an isomorphism of algebras:

H;:(ch) 2 R[vi,...,vm]/(Ic+J), vi€E H;__,[l(Z}C)'
______)_____




Basic Dolbeault cohomology (Transverse Kahler case)

Theorem (Lin, Yang, 2019)

Let G be a compact torus, and let (M, F) be a transverse Kahler foliation.
Suppose that there is a holomorphic Hamiltonian action of G on (M, F) . Let
X¢ be a fixed-leaf set of this action. Then H”9(M,F) =0 for

|p — q| > codim(F|x.).

| A

Remark

This generalizes Ishida's result since in case of a moment-angle manifold
codim(Fy|x,;m) = 0 because a fixed-leaf set consists of finite number of leaves.
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Basic Dolbeault cohomology

Theorem (K., Panov, 2019)

There is a Hodge decomposition

Hz, (2x:C) = €D HE(2x).

pt+q=r

Moreover, there is an isomorphism of algebras:

H;;b*(Zic) = R[va,. .., vml/(Ic+J), vi€ H;bl(g,c)_

| A

Corollary

The analogous result also holds for complex manifolds with maximal torus
action, which also include LVMB-manifolds.

Remark

| \

To show this general result we introduce a concept of Fujiki foliations and
prove that canonical foliation is always of this type. Although this is weaker
than being transverse Kahler it also provides the Hodge decomposition.




Fujiki foliations

A holomorphic foliation (M, F) on a compact manifold M is a Fujiki foliation if
it is homologically orientable and there exists a holomorphic foliated surjective
map

f: (M, F)— (M,F),

where (M’, F') is a transverse Kahler foliation.

| N

Lemma (3)

The map f as above induces an injection at the level of basic Dolbeault
cohomology. As a consequence, if (M, F) is a Fujiki foliation then its basic
Dolbeault cohomology ring admits a Hodge decomposition

He(M;C) = @D HR(M).

pt+q=r

We show that any canonical foliation (Zx, Fy) is Fujiki. What is more, we
construct a holomorphic foliated surjection

f: (ZK:':fhl) — (Z)c,]‘—b),

where K’ corresponds to a polytope.




Stellar subdivision

Let 7 € ¥ be a k-dimensional cone (k > 1) generated by ai,. .., ak, and
denote the corresponding simplex by | = {1,...,k} € K.

Let K- be a stellar subdivision st(K, /) of K at /. We put X, to be a fan with
generators ai,...,am,30 = a1 + ... + ak such that the underlying simplicial
complex is equal to ;.

Consider a projection corresponding to the fan X ;:
qTZRerl—)R", e+ra1+---+ak, eg—a, i=1,... k.

We have
Kergr = (e1 + -+ + ex — eo, Ker q),

Then Fx, is a foliation on Uk, by the orbits of RS = exp(Ker g¥).




Stellar subdivision

Consider a holomorphic surjective map
1
f-r : (Cm+ — Cm, (20,21, Ce ,Zm) — (Z()Zl7 v ooy 20Zky Zk+1y - - - ,Zm).
It restricts to a holomorphic foliated surjective map

fr: (Uk.,Fs,) = (Ug, Fx).

| A

Remark
When X is a rational fan, both R® C (C*)™ and RE C (C*)™'* are closed

subgroups and the map f-: Ux. — Uk covers the standard blow-down map
V. — Vs of the quotient toric varieties Vx, = U(K,)/RS and Vs = Ux/RE.




Proof of the theorem
Lemma (Adiprasito and |zmestiev, 2014)

If K is PL sphere then there exists k' such that bsk’ K (K -th barycentric
subdivision) is polytopal.

The barycentric subdivision is obtained as the composition of stellar
subdivisions at all simplices of K

bs' K = st(h,st(b,...,st(In, K)...)).
Therefore, we obtain a holomorphic foliated surjection
fos 1 (Upst ks Frsrx) = (Uk, Fx)

as the composition £, o --- o £, where 7; is the cone corresponding to the
simplex ;.

Applying lemma and the composition of maps described above we obtain a
foliated surjective map

f: (Ugr, Fer) = (Uk, Fx)

such that ¥’ is a polytopal fan.




Let ¢°: C™ — C" and ¢'*: C™ — C" be the linear maps corresponding to X
and Y’ respectively.
We have

Ker g'¢ = (V,Ker qc),

where V is the subspace generated by the vectors e, — ¢, —

1 =g
corresponding to all stellar subdivisions in the sequence.

s

We pick an arbitrary half-dimensional complex subspace ho C V such that its
projection onto the real part R™ is injective. Then the vector space ho ® b
provides a complex structure on Zx.

It is now clear that we have the following commutative diagram

(Uxr, Fsr) N (Uk, Fx)

|7 |7

f:
(Zicrs Frown) —2 (2, Fy)

The map fz is a holomorphic and surjective. Now applying lemma 3, Ishida's
theorem and the description of the basic de Rham cohomology of Zx we get
the result.




Thank you for your attention!
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